Let U be a multiply connected domain of the Riemann sphereĈ whose complementĈ \ U has N < ∞ components. We show that every conformal map on U can be written as a composition of N maps conformal on simply connected domains. This improves on a recent result of D.E. Marshall, but our proof uses different ideas, and involves the uniformisation theorem for Riemann surfaces.
Introduction
It is well-known (see e.g. [5] ) that any function that is holomorphic on a multiply connected domain of the Riemann sphereĈ whose complement has N components (a N -tuply connected domain) can be represented as a sum of N functions holomorphic on simply connected domains 1 . That is, if A i , i = 1, . . . , N are simply connected domains with pairwise disjoint complements, then a holomorphic function f on ∪ i A i can be represented on ∪ i A i as f = i f i where each f i has a holomorphic continuation to A i . The purpose of the present letter is to establish a similar fact for conformal maps (bijective conformal functions), where the sum is replaced by a factorisation into a composition of N < ∞ maps. In the case N = 2, a related factorisation problem for increasing homeomorphisms of R (or of any other Jordan curve inĈ) is central in the context of conformal welding (see, e.g., [2, p . 100]). The problem posed here also appeared, again in the case N = 2, in a physically motivated study by the author of a differential structure on spaces of conformal maps [1] , where integral equations for the factors were found. In this context, holomorphic functions determine directions of small displacements of conformal maps, and the factorisation problem is the "global" equivalent of the "local" fact stated above about holomorphic functions. The N > 2 version of the conformal welding problem was studied recently by D.E. Marshall in [3] , where Theorem 1 contains a result similar to ours: the conformal map of a domain bounded by N quasicircles to a domain bounded by N circles can be written as a composition of N conformal maps of simply connected domains each of which extends to quasiconformal maps of the plane. Marshall points out that an arbitrary N -tuply connected domain can be mapped to a domain bounded by N quasicircles using an additional N maps of simply connected domains, resulting in a total of 2N maps in this case. Our theorem improves on the latter result by specifying that only N factors are necessary and by lifting the condition that the image domain be bounded by circles; our proof makes use of different ideas.
We will show the following statement:
Theorem 1 If G is a conformal map on a N -tuply connected domain U with N < ∞, then it is factorisable on this domain into a composition of N factors g i , i = 1, . . . , N that are maps conformal on simply connected domains:
The main tool in the proof is Koebe's uniformisation theorem for Riemann surfaces. In particular, we will use the theorem that every simply connected compact Riemann surface is conformally equivalent to the Riemann sphereĈ. The idea relating the uniformisation theorem to the welding problem, which forms the basis of our proof, is briefly but nicely explained in a paper by Sharon and Mumford [6] .
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Proof of the theorem
By definition, D is a n-tuply connected domain ifĈ \ D = ∪ n j=1 E j where each E j is closed and connected inĈ, and where E j , j = 1, . . . , n are pairwise disjoint. Then 2 , A j :=Ĉ \ E j are simply connected domains with disjoint complements; D = ∩ n j=1 A j ; and ∂D = ∪ n j=1 ∂A j .
For the proof of the theorem, we proceed by induction. Assume that there is an integer n ≤ N , a map g conformal on an n-tuply connected domain D, and, if n < N , maps g k for k = n + 1, . . . , N conformal on simply connected domains, such that, on U , we have
This is true for n = N , with D = U , by the assumption of the theorem. We will show that the assumptions of the induction imply that there is a mapg conformal on a (n − 1)-tuply connected domain, and a map g n conformal on a simply connected domain, such that
Aj is immediate, and ∂D = ∪ n j=1 ∂Aj follows from this and the fact thatĈ \ Aj, j = 1, . . . , n are pairwise disjoint. Since ∂D has n components [4, V.14.5], each ∂Aj has exactly one component, hence each Aj is simply connected [4, VI.4.3] . Note that a n-tuply connected domain according to our definition has connectivity n − 1 according to [4, VI.10.3] .
Recall that D = ∩ n i=1 A i where A i are simply connected domains with pairwise disjoint complements. Since g is a homeomorphism, g(D) has the same connectivity as that of D [4, VI.12.1], hence likewiseD := g(D) = ∩ n i=1Ã i for simply connected domainsÃ i , i = 1, . . . , n with pairwise disjoint complements.
Since
LetÃ := ∩ n−1 i=1Ã i ; this is a (n − 1)-tuply connected domain (it is obtained fromD by "fillingin" the n th hole).
1. We construct a Riemann surface C with two coordinate charts and transition map g.
Let A c be a copy ofÃ and B c be a copy of A n , and denote by ψ A :Ã ։ A c and ψ B : A n ։ B c the canonical copy bijections. Let C c be the disjoint union of A c and B c , and define a map
We define an equivalence relation 
Put on A c and B c the topologies induced by those onÃ and A n , respectively, by the copy bijections. Then, by restricting these topologies, G is a homeomorphism from ψ B (D) onto ψ A (D). Hence, ι A and ι B induce topologies on A and B, respectively, which agree on D, and we may put on C the topology generated by those on A and B.
The topological space C is Hausdorff. This is shown as follows. Note that any p ∈ A has neighbourhoods lying entirely in A: the images of those inÃ under the map ι A • ψ A ; likewise, every p ∈ B has neighbourhoods lying entirely in B: the images of those in A n under the map ι B • ψ B . Then, it is clear that any two points in A, or any two points in B, have distinct neighbourhoods. If p ∈ A and all neighbourhoods of p intersect B, then this must hold true for those neighbourhoods that lie entirely in A, hence (ψ
Since in C every point has neighbourhoods homeomorphic to R 2 , the paragraph above implies that C is a topological surface. Let φ A := ψ 
Hence, the transition map is conformal, so that C is a Riemann surface. Note that A and B are sub-Riemann surfaces.
2. We show that C is simply connected.
Let γ be a simple loop with base point p ∈ B − A. It will be sufficient to prove that every such loop in C is null-homotopic. If γ ⊂ B, then γ is null-homotopic in B because B is homeomorphic to A n , which is simply connected. Hence, assume that γ ∩ A − B = ∅. Note that since A − B = A \ D, we find
There exists a simply connected open neighbourhood E ofĈ\Ã n bounded by a simple closed polygon, such that the closure of E lies inÃ. Indeed, sinceĈ \Ã i , i = 1, . . . , n are pairwise disjoint, the closed setsĈ \Ã i , i = 1, . . . , n − 1 lie inÃ n . SinceÃ n is connected, there exists a path α whose trace intersects all ofĈ
(Ĉ \Ã i ) and C \Ã n are disjoint nonempty connected closed sets, whence by [4, VI.3.3] there exists a simple closed polygon inD separating them. This polygon bounds a simply connected domain E that containsĈ \Ã n and whose closure lies inÃ; that is,Ĉ \Ã n ⊂ E and E ⊂Ã.
A (∂E) because C is Hausdorff and φ A is a homeomorphism. Hence, A − B ⊂ E and E ⊂ A. Clearly p ∈ A whence p ∈ E. Then, γ \ ∂E is a countable union of arcs in C, each of which being a cross-cut of either E or C \ E. Each arc α which intersects E maps under φ A to a cross-cut of E. This cross-cut is homotopic, in E, to a subarc of ∂E, since E is simply connected. Hence, thanks to the homeomorphism φ
−1
A , each such arc α is homotopic in E to a subarc of ∂E. This implies that γ is homotopic to a curve γ which does not intersect A − B. But then γ ⊂ B, which is simply connected. This implies that γ, and hence γ, is null-homotopic.
3. We show that C is compact.
We use the fact that the union of two compact subsets of a topological space is compact. Consider the subset E ⊂ C constructed above. Since E ⊂Ã is compact, φ A is a homeomorphism and C is Hausdorff, then φ −1
A (E) is compact. Hence E ⊂ A is compact, because φ −1
A (E) = E. Similarly,Ĉ \ E ⊂Ã n is compact and φ B is a homeomorphism, whence φ −1 B (Ĉ \ E) = C \ E ⊂ B is compact. Clearly E ∪ (C \ E) = C, hence C is compact.
4. We complete the induction using the uniformisation theorem.
By the uniformisation theorem, there exists a conformal map u : C ։Ĉ. Hence, defining g := φ A • u −1 and g n := u • φ −1 B , Equation (2.4) implies g =g • g n on D, where g n is a conformal map of the simply connected domain A n , andg is a conformal map of the (n−1)-tuply connected domain u(A).
